Abstract: In a recent work, T.S. Evans has claimed that the multiplicative anomaly associated with the zeta-function regularization of functional determinants is regularization dependent. We show that, if one makes use of consistent definitions, this is not the case and clarify some points in Evans' argument.
where A is some elliptic operator (the small disturbances operator). However, it is well known that formally
The quantity det A is ill defined. Zeta-function regularization was introduced in order to give a proper mathematical meaning to it. As is known, it consists in analytically continuing the quantity ζ(s|A) = Tr A −s , perfectly meaningful for Re s sufficiently large and for A elliptic, and in assuming then, by definition, that [2, 3] ln det A = −ζ ′ (0|A) .
This is possible because, at s = 0, the analytical continuation of Tr A −s is regular. From now on, for the sake of clarity, we will call zeta-function regularization the above well established mathematical procedure. One might argue that the starting point (2) is also not well defined, being based on a formal divergent quantity and the starting point given by Eq. (1) is also acceptable. However, the identity Tr ln A = ln det A, valid for a positive hermitian matrix, does not necessarily hold in the infinite dimensional case. In fact, both quantities are ill defined, the second one can be successfully treated by the zeta-function regularization method. What about the first? With regard to this issue, it is easy to see that one of the simplest analytical regularizations of the ill defined quantity Tr ln A, preserving the linear property of the trace, which is necessary for a reasonable definition of a regularized trace, may be the following
where Q is some elliptic operator, acting as a regulator. However, the analytical continuation of T (A)(s), since ln A is a pseudo-differential operator, has always a simple pole at s = 0, and the regularization parameter cannot be safely removed. This also shows that the formal identity
cannot have general validity. As an example in IR 4 (strictly speaking one should work only in a compact manifold, but working in IR D just amounts to factorizing a trivial infinite volume, which we shall here safely ignore), take
This quantity has a pole at s = 0. Let us continue with Evans' starting point, namely Eq. (1), bearing in mind that, since the mathematics is different, also the physical consequences might be different. However, since it is potentially dangerous to perform manipulations on divergent quantities, let us repeat his argument making now use of regularized quantities, in the spirit of the analytic regularization method. Let us consider A = L + V and B = L. This is a simpler case than the one treated by Evans, but the conclusions are just the same. We have to define a regularized multiplicative anomaly, b(s), as
and eventually try to remove the cutoff parameter s → 0 after the analytical continuation has been performed. For suitable Re s, all the integrals exist, and a simple calculation gives
As a result, the b anomaly introduced by Evans is vanishing. This result is obviously consistent with the linear property of the trace and with the operator identity ln AB = ln A + ln B, valid if A and B commute.
On the other hand, it is easy to see that if, after some formal manipulation (taking the derivative of a divergent quantity ), one introduces in the formal definition of b an analytical regularization which does not preserve the linearity of the trace (e.g., changes the analytic structure of the propagator) then one can certainly obtain a non vanishing b anomaly, as Evans has shown [1] . By the way, strictly speaking, the analytical regularization used by Evans is not the zeta-function regularization method.
Concerning the multiplicative property of determinants, the zeta-function regularized determinant ln det A suffers from the presence of a multiplicative anomaly (see, for example, [4, 5] ), namely
or
Let us now show, in the simple example treated above, that other non-analytic regularizations are in fact affected by the same multiplicative anomaly. Consider, to this aim, the so called proper-time regularization, one of the most widely used non-analytic regularizations. It is defined by
where the ultraviolet cutoff ε cannot be remove and controls the singularities of the integrand for small t. Let us compute the finite part defined by
If this finite part is non zero, we prove the existence of a multiplicative anomaly within this regularization. Making use of
one easily obtains
Shifting the vertical contour to the left, one has simple poles at z = 2 and z = 1 due to the zeta-functions, a double pole at z = 0 and simple poles at z = −1, −2, ... due to Γ(z)/z. The poles at z = 2 , z = 1 and z = 0 give contributions proportional to ε −2 , ε −1 and ln ε, representing the ultraviolet divergences, but the double pole at z = 0 gives also a finite contribution. Thus, the residues theorem yields
which shows that the multiplicative anomaly is present in this non-analytic regularization. The other finite contribution can be reabsorbed in the scale renormalization term ℓ 2 , since the partition function, in a more appropriate way, has to be written as [3] ln
A similar argument is valid for other non-analytic regularizations (in the sense of changing the nature of the poles), as the dimensional regularization (see [6] ). As a consequence of this analysis, the question that one should answer is: can the multiplicative anomaly be reabsorbed into the renormalization procedure ? In a simple case (selfinteracting scalar field in IR 4 ), since the multiplicative anomaly is a local functional, it does not contribute to the beta function at the one-loop approximation [5] . However, in some case (as the relativistic ideal Bose gas), it may certainly have physical consequences, as shown in [6] (see also [7] ).
Our final conclusion is the following. Since it turns out that, as we have argued, there exist potentially two different starting points, namely Eq. (1) and Eq. (2) as formal definitions of the (one-loop) partition function -for the reasons explained above-the dangerous aspects concerning the use of zeta-function regularization reported by Evans are not substantiated. Clear indications of this fact have been given in the present note. In our opinion, the zeta-function method is a regularization procedure on the same level as other regularization techniques within the definition of one-loop partition function given by Eq. (2). It can be safely used -provided one avoids formal manipulations-as has been done in the literature, with considerable successes, during the past twenty years.
